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Summary 
Recently, several changes have been observed in the Earth’s environment. This is also 
applicable to the ocean environment. The concept of weather routing has been applied for ship 
navigation for a long time. Many service providers offer weather routing service with the 
availability of high-quality satellite data. Unfortunately, not much information is available in 
the public domain as to how much the recent change in the weather pattern has affected ship 
navigation. The purpose of this paper is to fill this information gap. We investigate the 
influence of recent changes in the ocean environment on ship navigation. Weather data from 
ECMWF, namely ERA-Interim, is used for this purpose. The ECMWF data for the last 27 
years is analysed. We compute the statistical characteristics of this data for the first 10 years, 
last 10 years, and 27 years. The statistical characteristics of the data are determined based on 
“summer” and “winter” zones as defined by international maritime regulations. Six different 
worldwide commercial ship routes are selected covering all the ocean regions.  Navigation on 
great ellipse with waypoint is considered. MMG type ship manoeuvring model for 3 different 
ship types (DTMB 5415, PCC, VLCC) is used. The added resistance due to wave, wind and 
the effort of keeping the ship on the desired course using autopilot in the rough ocean 
environment is included in the MMG model. The fuel consumption and the duration of each 
one of the voyage are computed. Based on the analysis and simulation results it is shown that: 
(i) The mean wave height, wave period, and wind speed has increased in some ocean 
zones and decreased in other ocean zones. If any change has occurred, it is uniform for both 
seasons (summer and winter). 
(ii) In which ocean regions there is a perceptible change in fuel consumption, average ship 
speed and voyage time due to the changes in the weather pattern. 
(iii) The changing weather pattern in different ocean zones affects each ship type 
differently. 
Key words: Added resistance; ECMWF; ERA-interim; fuel consumption; great ellipse 
sailing; ship navigation; weather effects 
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1. Introduction 
Nearly 90% of the world’s trade is carried onboard ships.  For some of these trades, 
there is no alternative to transporting cargo by ships. In recent years, the incidence of loss of 
ships (mostly bulk carriers) is increasing due to change in the wave pattern [1]. Effects of 
rough weather are loss of ship, damage to the ship, increased deck wetness, propeller 
emergence, slamming, vertical/ horizontal bending and torsion, worsened stability and 
manoeuvrability, and/or additional dynamic loads of the hull. It is risky to sail in a rough sea 
and strong wind. Hence, prior knowledge of weather conditions is important in the study of 
path optimization and ship routing. A recent study has confirmed occurrence of extreme 
waves with a typical significant wave height of up to 30 meters [2]. Using the meteorological 
and wave models, numerical simulations of the weather and sea state were conducted for eight 
rough sea cases using the grid point value datasets from NCEP-FNL and ERA-Interim. Model 
results were validated by shipboard measurements and ship motion calculations. Results show 
a better performance of NCEP-FNL on generating high ocean surface wind speed of heavy 
weather than that of the ERA-Interim.  On the other hand, the ERA-Interim tends to perform 
better for prediction of wind direction [3]. 
Nowadays, the shipping industry is focusing on the reduction of fuel consumption along 
with the safety of the vessel. To reduce fuel consumption, estimation of resistance/ added 
resistance due to wave and speed loss during the voyage should be accurate. Therefore, 
oceanographic parameters, which affect the speed and course keeping, should be accurately 
considered. The speed of the ship depends on wave height, wave period, wave direction and 
wind speed and direction [4–7]. Added resistance affects ship’s manoeuvring and results in a 
drop in ship speed. Added resistance, which is the difference between the total resistance in 
waves and calm water resistance, causes an increase in fuel consumption. Evaluation of 
increased fuel consumption is made based on estimated added resistance for different speeds 
and wave frequencies [8]. The concept of EEDI (introduced by IMO), requires the ship 
designer/ ship builder to calculate the resistance due to waves and wind with reference to 
resistance in calm water. The resistance due to wave and wind for the KVLCC2 model was 
calculated experimentally and numerically in four different draft conditions: full load, ballast, 
and two intermediate conditions between the full load and ballast conditions. This 
experimental and numerical results for the added resistance were compared for the four draft 
conditions [9].  A comparison of two methods for added resistance in head waves by the 
Faltinsen method and the Salvesen method is studied for four different ships: two 
containerships, a bulk carrier and a ro-ro vessel. Both methods give the added resistance in 
head seas with similar accuracy in the longer waves region [10]. The additional fuel 
consumption is approximated in relation to the increased resistance, i.e. the difference 
between the ship resistance in calm water and resistance while operating in head waves for 
different Froude numbers [11]. Tank tests in long-crested irregular head waves for VLCC 
model and PCC model have been conducted, and added resistance in irregular waves has been 
measured and compared with the estimated results by Newman's approximation [12]. The 
resistance and propulsion characteristics in regular head waves of KVLCC2 have been 
predicted utilizing the experimental method [13]. Model of DTMB 5415 is validated for twin 
propeller twin rudder and wind forces and moments acting on the ship were estimated [14,15]. 
The MMG method was proposed for analysing the steady sailing condition and the course 
stability of a ship under external disturbances due to wind and waves.  The steady sailing 
conditions and the course stability of a PCC ship are calculated using the proposed MMG 
method under external disturbances in deep and shallow waters [16]. This paper suggests that 
MMG model simulates the manoeuvring response of the PCC ship accurately. Hence, the 
same PCC model is used for our simulation study. Simulation on speed–power relations is 
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performed by a performance prediction method for a tanker. From the simulation, a correction 
formula for quartering and following waves of the added resistance in waves is suggested, and 
the effect is studied and validated [17]. A physical modelling method, in which the ship 
resistance-propeller-engine model is developed by using available ship information and basic 
hydrodynamics; for the analysis of operational scenarios in realistic environmental conditions 
in three voyages. The added wave resistance is calculated for different wave angle. The 
results implies that the resistance of wave for lower wave angle is very less [18]. The 
collective effects of wind speed, significant wave height, and currents on the vessel routing 
are evaluated. In addition, the impact of typhoons on vessel navigation is assessed. The drift 
of the vessel mainly depends on the wind speed  [19]. Decrease of the ship speed in real 
conditions is a consequence of the added resistance due to the impact of weather conditions 
(waves and wind) and due to aggravated working conditions of the propeller–engine system 
[20].  A container ship, a car carrier and a bulk carrier are examined and the decrease of ship 
speed in actual seas are discussed [21]. The higher ship’s speed produces more emission. The 
implications of various maritime emissions reductions policies for maritime logistic are 
studied [22]. Maki et al. used a real-coded genetic algorithm technique for weather-routing of 
the ship for the voyage along the great-circle route to avoid maritime accidents due to 
parametric rolling [23]. Two types of optimized routing strategies, i.e. minimum travel time 
and minimum fuel consumption, with different constraints,  such as land boundaries, 
significant wave heights, engine revolution speeds and roll responses have been studied 
[24,25]. 
In this paper, the analysis of ERA-interim data is carried out. Wave height, wave period, 
wind speed and wind direction from 1992 to 2018 are studied. Next, the effects of 
environmental factors (waves, wind) on vessel resistance are calculated. Then the fuel 
consumption of the vessel on different routes in different weather conditions is evaluated. 
Furthermore, the PCC and VLCC vessel simulation is validated with engine power and rpm 
of the actual tanker and PCC ship. 
2. Ocean wind and wave data analysis 
The study of ocean parameters is important for the safe sailing of the vessel. This is 
because rough weather conditions in the ocean affect the ship’s propulsion performance. To 
confirm the satellite data we do a small exercise.  Two examples of damage to the ship are 
checked.  Satellite data is used to gather wave information at the accident site. The first 
example is the Nakhodka, a Russian oil tanker, that was loaded with 19,000 tonnes of C-type 
heavy oil.  It broke up into sections and submerged off Oki Island, Shimane Prefecture, Japan 
on 2nd January 1997. The consequent heavy oil spill contaminated the soil and sea near Oki 
Island. It also adversely affected the ecosystem of the ocean [26,27]. The variation of mean 
wave height near Oki Island where the accident happened is shown in Fig.  1. The average 
wave height shown on that day is 7.3 m and the average wind speed is 16.5 m/s. The 
statistical analysis of wave height implies that peak wave heights during the accident could 
have exceeded 7.3 m. Similarly, statistical analysis of wind speed indicates that peak wind 
speed during the accident could have exceeded 16.5 m/s. 
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Fig. 1  Variation of mean wave height (in m) at the Oki Island on 2nd January 1997   
The second example is that of the merchant ship El Faro which sank east of the 
Bahamas on 1st October 2015 due to rogue wave conditions during Hurricane Joaquin [28]. 
The wave height data from 06:00 to 12:00 UTC on 1st October 2015, as recorded by ECMWF 
satellite data is shown in Fig.  2. In this figure, the area near the Bahamas shows an increase 
in wave height. The average wave height during 6 hours was observed as 4.78 m. This implies 
that peak wave heights during the accident could have exceeded 4.78 m. Fedele et al. [28] 
estimated the probability of El Faro encountering a rogue wave having crest height greater 
than 14 m while drifting over a time interval of 10 minutes as 1/400 and over a time interval 
of 50 minutes as 1/130 respectively. The above two examples show that the wave height, 
wave period, wave direction, wind speed and wind direction available from satellite data can 
be reliably used for statistical analysis of safety and route planning of the ships. 
 
Fig. 2  Variation of mean wave height (in m) at the east of the Bahamas on 1st October 2015   
Scientists are using oceanographic satellite data for more than 34 years since the launch 
of GEOSAT in 1985. Following the conclusion of the GEOSAT mission in late 1989, there 
was a brief interruption until the launch of the ERS-1 satellite in mid-1991. Satellite offers 
uninterrupted data of wave height and wind speed with world-wide exposure. Such records 
are being used in a variety of applications like ship routing, offshore engineering design, wind 
and wave climatology, etc. oceanographic satellites do not directly measure either wave 
height or wind speed. They measure properties of the water surface, which consequently, after 
post-processing, gives either wave height or wind speed. Altimeters, radiometers, 
scatterometers, and synthetic aperture radars are the main four instruments that provide global 
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wave height and wind speed. Out of these instruments, the radar altimeter gives the long 
duration dataset. ECMWF produces a third-generation global reanalysis of meteorological 
observations, known as ERA-Interim. ERA-Interim is a global atmospheric reanalysis from 
1979. The model data is archived at six hour intervals with 0.75° spatial resolution. 
Voluntarily observing vessels, buoys, and satellite scatterometers give the ocean wind speed 
dataset. Satellite altimeter wave heights were also considered since 1991. ERA-Interim 
provides superior data than buoy observations [29–33]. 
The dataset for the significant wave height, mean wave period, wind speed, wave 
direction from 1992 to 2018 is downloaded from ECMWF with 1° spatial resolution in 
netCDF format.   Uninterrupted satellite data is available from 1992 to 2018. This paper 
shows the changes in oceanographic parameters in the first and last ten years and all 27 years.  
Hence, analysis is done from 1992 to 2001, from 2009 to 2018 and from 1992 to 2018. The 
ocean region is divided as per the seasonal zone specified in loadline regulations [34]. Mean 
and variances are calculated for the wave height, wave period, wave direction and wind speed. 
The season (summer or winter) is defined with respect to the northern hemisphere. Therefore 
"summer” means "summer" in the Northern Hemisphere and "winter" in the Southern 
Hemisphere.  The mean is calculated for summer and winter zone separately. This is done 
based on the calendar dates specified in the loadline regulation. CDO software is used for 
calculating mean and variance of weather parameters. CDO is a command-line suite for 
manipulating and analysing climate data. CDO is used for calculating the mean and variances 
of netCDF files.  
The resultant wind speed is analysed from wind speed U10 and V10. Wind speed is given 
at a height of 10 m from the surface. Also, the direction of the wind is analysed for each zone 
and each season. Resultant wind speed and wind angle are calculated as shown in Eqs. 1 and 
2.   
2 2




10 10tan ( / )w U V
−=   (2) 
The load line rules considered in this paper are for vessels having a length of more than 
100 m.  Furthermore, the mean and variances of H1/3, MWP, wind speed, wind direction and 
wave direction of loadline zones as per season is evaluated.  The purpose of loadline rules is 
to ensure that a ship has sufficient freeboard, adequate reserve buoyancy and bow height [34]. 
The necessity for minimum freeboard and bow height is to ensure that heavy seas do not 
capsize/ damage the ship or floating offshore structure.  The loadline chart represents the 
seasonal zones, areas, and periods in a particular sea area at a given time of the year.  In Fig.  
3, the international loadline zones and seasons are shown. Loadline rules suggest that the 
tropical zone is the safest zone for a ship or floating offshore structure.  In addition, it shows 
that the winter zone is dangerous for a ship or floating offshore structure.  In this analysis, 
zones are divided into summer, winter, and tropical.  Seasonal zones are either combined with 
winter or summer zone based on the season of a voyage as shown in Appendix A.  Therefore, 
in winter analysis, zones considered for analysis are winter and tropical.  Similarly, in summer 
analysis, zones considered for analysis are summer and tropical. Occasionally sudden changes 
in the pattern of wave height, wave period or wind speed can be observed in the figures.  This 
is due to the loadline zone boundary.  Across a seasonal zone boundary, the calendar months 
for which averaging are carried out are different.   
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Fig. 3  International Loadline Zones and Areas Map [34] 
The mean of “significant wave height”, “mean wave period”, “wind speed” and “wind 
direction” is shown in Figs.  4 ~ 7. The term ‘mean’ in Figs.  4 ~ 7 implies, mean of a weather 
parameter for 10 years (1992 to 2001 or 2009 to 2018 ) or 27 years (1992 to 2018 ). In Fig.  4, 
the mean of significant wave height of winter and summer zones for the years 1992 to 2001, 
2009 to 2018 and 1992 to 2018 is presented.  It shows that wave heights in the recent decade 
have increased in the Southern Ocean and more ice near Antarctica has melted in recent years 
as compared to 1992.  Generally, wave heights are higher in the Southern Ocean, North 
Atlantic Ocean and North Pacific Ocean. In Fig.  5, the mean wave period for summer and 
winter for 1992 to 2001, 2009 to 2018 and 1992 to 2018 is shown.  MWP is less near to land 
and the polar region as shown in Fig.  5.  Overall, mean wave period decreased in the period 
2009 to 2018 as compared to the period 1992 to 2001.  In Fig.  6, the mean wind speed of 10 
years for summer and winter from 1992 to 2001, 2009 to 2018 and the mean wind speed of 27 
years for summer and winter from 1992 to 2018 are shown.  It implies that wind speed has 
increased in the Southern Ocean and North Atlantic Ocean region.  The wind direction of 
winter and summer zones for the period 1992 to 2001, 2009 to 2018 and 1992 to 2018 is 
illustrated in Fig.  7. This figure is shown in the colour instead of the arrow because the data 
downloaded is of 1° spatial resolution and hence these arrows will be very small.  The 
variance of significant wave height for winter and summer zones for the period 1992 to 2001 
and 2009 to 2018 is shown in Fig.  8. It can be observed that variance is more in the Southern 
Ocean, North Atlantic Ocean region and North Pacific Ocean region. In Fig.  9, the variance 
of the wave period for summer and winter seasons for the periods 1992 to 2001 and 2009 to 
2018 is shown.  The variance is more near to the coastal area.  Figures 8 ~ 10 shows that the 
27-year variance is greater than both the first 10-year (1992 - 2001) variance and the last 10-
year (2009 - 2018) variance. This shows that the change in wave height, wave period and 
wind speed in recent years as compared to previous years is significantly high.  The variance 
of wind speed for winter and summer seasons for the periods 1992 to 2001 and 2009 to 2018 
is shown in Fig.  10.  The variance of wind speed is different for the summer and winter 
seasons.  The variance is more towards the poles and less in the tropical zone.  This is 
important because in some wind spectrum model, variance needs to be input for calculating 
the gust wind.  A higher variance will mean higher peaks in the time series of gust wind.  
However, higher variance in case of wave height and wave period will mean new wave 
spectrum model needs to be developed. 
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Fig. 4  Mean of significant wave height (in m) around Earth’s surface (a) 1992 - 2001 Winter (b) 1992 - 2001 
Summer (c) 2009 - 2018 Winter (d) 2009 - 2018 Summer (e) 1992 - 2018 Winter (f) 1992 - 2018 Summer. 
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Fig. 5  Mean wave period  (in sec) around the Earth’s surface (a) 1992 - 2001 Winter (b) 1992 - 2001 Summer 
(c) 2009 - 2018 Winter (d) 2009 - 2018 Summer (e) 1992 - 2018 Winter (f) 1992 - 2018 Summer   
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Fig. 6  Mean wind speed (in m/s) around the Earth’s surface (a) 1992 - 2001 Winter (b) 1992 - 2001 Summer (c) 
2009 - 2018 Winter (d) 2009 - 2018 Summer (e) 1992 - 2018 Winter (f) 1992 - 2018 Summer 
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Fig. 7  Mean wind direction (in degree) around the Earth’s surface (a) 1992 - 2001 Winter (b) 1992 - 2001 
Summer (c) 2009 - 2018 Winter (d) 2009 - 2018 Summer (e) 1992 - 2018 Winter (f) 1992 - 2018 Summer 
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Fig. 8  Variance of significant wave height (in m2) along Earth’s surface.  (a) 1992 - 2001 Winter (b) 1992 - 
2001 Summer (c) 2009 - 2018 Winter (d) 2009 - 2018 Summer (e) 1992 - 2018 Winter (f) 1992 - 2018 Summer 
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Fig. 9  Variance of mean wave period (in sec2) along Earth’s surface.    (a) 1992 - 2001 Winter (b) 1992 - 2001 
Summer (c) 2009 - 2018 Winter (d) 2009 - 2018 Summer (e) 1992 - 2018 Winter (f) 1992 - 2018 Summer   
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Fig. 10  Variance of wind speed (m2/s4) along Earth’s surface.    (a) 1992 - 2001 winter (b) 1992 - 2001 summer 
(c) 2009 - 2018 winter (d) 2009 - 2018 summer (e) 1992 - 2018 winter (f) 1992 - 2018 summer   
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3. Manoeuvring mathematical model of ships 
MMG type manoeuvring mathematical model of a ship is used for the simulation. To 
see the influence of the environmental condition on the ship type and size, three different ship 
types are used for simulation.  The ship types DTMB 5415 [14], PCC [35] and VLCC [36] are 
used for simulation. The VLCC [17] model is selected to match the dimensions of recent 
commercial VLCC ship designs. DTMB 5415 ship has twin-propeller twin rudder system 
while the PCC and VLCC ships have single propeller single rudder system. The full-scale 
particulars of the three-ship types are shown in Table 1.   
Table 1  Principal particulars of the DTMB 5415, PCC and VLCC ships 
Particular  DTMB 5415 PCC VLCC 
LOA (m) 153.3 200 333 
LPP (m) 142.0 190.0 319.0 
BWL (m) 19.06 32.20 60.0 
T (m) 6.15 8.20 21 
CB 0.507 0.547 0.817 
m' 0.1361 0.1854 0.3073 
Izz'  0.0085 0.0116 0.0192 
Jzz’ 0.0072 0.0098 0.0163 
Ipp (kg.m
2) 26414 40535 300234 
Jpp (kg.m
2) 6604 10134 75058 
SBH  (m
2) 2972 5051 26583 
DP (m) 6.15 6.7 10 
AT (m
2) 368.36 1044.75 1209 
AL  (m
2) 1143.43 5971.49 4520 
Design Speed (knots) 18 20 15.7 
C1 1 2 1.8 
C2 1 5 0.1 
The coordinate system is shown in Fig.  11.  The MMG type 4 DoF model used for 
representing the ship’s manoeuvring motions [14] is shown in Eq. 3. 
2( ) ( )
( ) ( ) ( )
( ) ( )
( ) ( )
x y G G H P R W AW
x x G G r H R W AW
z z G v G H P R W
x x G v r G H R W
m m u m m rv mx r mx pr X X X X X
m m v m m ur mz p mx Y r Y Y Y Y
I J r mx N v mx ur N N N N
I J p mz K v K r K p mz ur K K K

+ − + − + = + + + +

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Fig. 11  The coordinate system for ship motions 
The 4 DoF considers surge, sway, roll and yaw motions while the 3 DoF considers 
surge, sway and yaw motion.  For all the simulations, the pitch and heave motion components 
are ignored.   The body plan of ships used for simulation is shown in Fig. 12. The 
hydrodynamic hull force model for the DTMB 5415 ship [14] is shown in Eq. 4, PCC ship 
[35] is shown in Eq. 5 and VLCC ship [36] is shown in Eq. 6. 
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Fig. 12 Body plan of  VLCC (left), PCC (middle) and DTMB 5415 (right) ship models  
The rudder model is shown in Eq. 7.  The rudder model shown is for twin-propeller 
twin rudder system. For single propeller single rudder system, the subscripts{S, P} will be 
deleted.   
{ } { } { } { }{ }
{ } { } { } { }
{ } { } { } { }
{ }{ }
(1 )( sin cos sin cos )
(1 )( cos sin cos sin )
( )( cos sin cos sin )





R RY S RX S RY P RX PR
R H RY S RX S RY P RX P
R R H H RY S RX S RY P RX P
R S RR
X t F F F F
Y a F F F F
N x a x F F F F
t y F
   
   
   
= − − + + +
= − + − + −
= − + − + −











+ − − 
= − 
 (7) 
The hull, propeller and rudder interaction coefficients ( Rx , Ha  , Hx , etc.) are taken 
from the existing mathematical model for the respective ships.  The propeller model is shown 
in Eqs. 8 ~ 9.    We consider the hull propeller interaction coefficients Pt , 0Pw , R  constant 
for different wind/ wave conditions. Speed reduction is one of the solutions being proposed at 
IMO to reduce emissions in the immediate future. Reducing speed is suggested as an 
important means to reduce emissions from international commercial shipping [37,38].  
Voluntary speed reduction has a human decision-making element.  In this paper, only 
involuntary speed reduction due to constant main engine torque is considered for simulations.  
Therefore, the propeller revolution will vary as its thrust loading changes. For e.g. when the 
resistance of the ship in surge direction increases due to wind, wave and rudder motions, the 
propeller becomes overloaded.  This results in a drop in propeller rpm and thereby the ship’s 
speed.  Therefore, the propeller thrust and torque are coupled with ship’s speed in our 
maneuvering model.  
( ) 2 4
2
1 2 3
1P P P T
T p P
X t n D K
K A A J A J
 = − 












J J n n D K Q









The added moment of rotary inertia of propeller in water is taken as 25% of the 
propeller’s moment of rotary inertia in the air [39].   The propeller torque model shown in Eq. 
9, introduces an additional degree of freedom in the system, i.e. the propeller revolution 
variation.  Besides the propeller and hull characteristics, the propeller revolution variation 
also depends on the characteristics of the prime mover.  We consider the prime mover to be a 
diesel engine working in constant torque operating condition.  For all the ship models, the 
prime mover is directly connected to the propeller through the shaft. There is no reduction 
gear.  Therefore, the propeller and engine revolutions are the same.  The constant engine 
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torque is fixed based on the design calm water speed of the respective vessels.  When added 
resistance due to wave/ wind is considered, the engine torque remains the same while the 
propeller revolution and the ship speed varies as per the ship and propeller characteristics.  





ETFC SFOC nQ dt=   (10) 
The SFOC is specified by the main engine manufacturer.   In this paper, it is considered 
the same for all the three-ship models i.e. 170 g/kW.hr.  Resistance due to the wind acting on 
the hull and superstructure depends on the direction and the speed of the wind and the ship’s 
superstructure characteristics. This resistance is proportional to the square of the ship’s speed 
and the cross-sectional area of the vessel above the waterline. The ship’s resistance can be 
divided into different components like hull resistance, added wave resistance, wind resistance 
etc.  Calm water resistance for the 3 ship models is shown in Fig.  13. Holtrop’s formula is 
used for calculating the form factor of the hull. 
 
 
Fig. 13  Calm water-resistance of DTMB 5415, PCC and VLCC ship types 
During the voyage, the ship experiences added resistance due to two wave systems: the 
reflection of short waves on the hull, and the wave-induced heave and pitch motions of the 
vessel. The magnitude of added resistance depends on various parameters like the vessel 
dimension and wave factors like H1/3, MWP, and wave direction.  The wave spectrum is 
calculated for each significant wave height mean wave period.  The wave spectrum for H1/3 = 
5 m and, MWP = 11.88 sec is shown in Fig.  14.   This resistance component is created by the 
loss of energy to both, radiated waves caused by vessel motion, and diffraction of incident 
waves on vessel hull [8,40]. The RAO (Relative Amplitude Operator) of added wave 
resistance of the vessel is calculated using Maxsurf software [41]. The variation of RAO of 
added wave resistance for wave heading angles ranging from 180° (head sea) to 90° (beam 
sea) is shown in Fig.  15. The nature of the added wave resistance curve is similar to [41,42]. 
The RAO of added wave resistance from 90° (beam sea) to 0° (following sea) is very less and 
hence it is neglected in this study [43,44].  The Salvesen method is used for calculating RAO 
as it is more suitable for oblique waves and low-speed ships. Also, the Salvesen method is 
more accurate than the Gerritsma and Beukelman method for a wide range of hull shapes 
[41].  Bretschneider wave spectrum used for analysis is shown in Eq. 11.    The wave 
encounter angle is calculated in the ship coordinate system from wave heading angle and ship 
heading angle as shown in Eq. 12.  The wave encounter frequency and encounter spectrum are 
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computed using Eqs. 12 ~ 13 respectively.    The added wave resistance is calculated from 
RAO and wave energy spectrum by multiplying and integrating the contribution of all the 
individual wave frequencies. The added resistance due to wave at a geographical location is 
computed by Eq. 14.  The wave spectrum at a geographical location is determined based on 
the averaged values of the significant wave height and mean wave period obtained from the 
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( )cosAW AW WaveX R =  (14b) 
( )sinAW AW WaveY R =  (14c) 
 
Fig. 14  Bretschneider wave spectrum for   = 5 m and modal period = 11.88 sec 
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Fig. 15. Variation of added wave resistance for different wave direction.  Top: DTMB, Middle: PCC and 
Bottom: VLCC ship at 10-knot speed   
The expressions of the forces and the moment induced by wind are shown in Eqs. 15 ~ 
18.    
2 ( ) / 2W A T A X AX A U C =  (15) 
2 ( ) / 2W A L A Y AY A U C =  (16) 
2 ( ) / 2W A L A OA N AN A U L C =  (17) 
2 2 ( ) / 2W A A A K A OAK A U C L =  (18) 
The wind force coefficients ( )X AC  , ( )Y AC  , ( )N AC  , ( )K AC  are computed based on 
the above water area characteristics of the individual vessels.  The regression formula by 
Fujiwara et al. [45] was used to estimate the aerodynamic drag coefficients. The wind speed 
and direction at 1° latitude/ longitude interval is obtained from the weather characteristics 
described in the previous section.  The effective wind speed and wind angle of attack in the 
ship fixed coordinate system is computed as shown in Eq.  19. 
Patil Prasad Vinayak, Numerical simulation of ship navigation  
Chelladurai Sree Krishna Prabu, in rough seas based on ECMWF data 
Nagarajan Vishwanath, Sha Om Prakash                                                 
   
38 



























= − + + − + 

− + =  − +  
 (19) 
The aerodynamic forces and moment induced by gust wind are considered in this study.  
Gust wind time series is generated using the Harris spectrum [46] as shown in Eq. 20.  Harris 
spectrum is used because it has the wind speed variance as one of the model parameters 
besides the mean wind speed.  Higher variance for the same mean wind speed will mean 
higher peaks in the gust wind time series.  Mean wind speed and wind speed variance from 
satellite data are used for simulations.  The gust wind velocity is obtained by Eq. 21.  The 
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2 ( )i z i ib S  =   (22) 
Here, i  is the discretized interval of the  i th wind component.  To avoid repeating 
patterns of gust wind, non-evenly distributed discrete frequencies were used.  A small interval  
i  is taken for higher accuracy of integration.  The phase angle i   is generated as a random 
number during simulations.  For a particular zone (1° latitude x 1° longitude) where wind 
speed and its variance is assumed as constant, the same seed is used for random number 
generation.  The wind speed used for simulation is in the range 0 ~ 15 m/s and the effective 
frequency range for this wind speed is observed to be     = 0 ~ 10 radians/s.     
The voyage simulations are carried out for long distances on the surface of the Earth.  
The Earth is considered to be an ellipsoid surface for this purpose.  To get the voyage length 
and time, we need to transform the ship dynamics (from MMG model) from the Cartesian 
coordinate system to the ECEF coordinate system.  Additionally, the weather information 
(wind and wave characteristics) is received with respect to the ECEF coordinate system.  A 
set of auxiliary equations are required to carry out this transformation.  First, the ship 
dynamics are transformed into NED (North East Down) coordinate system. This is shown in 
Eqs. 23 ~ 24.    In these equations, s(•) = sin(•), c(•) = cos(•), t(•) = tan(•) and θ = q = 0  for 4 
degree of freedom model.  The ship dynamics in the NED frame are transformed to latitude, 
longitude and depth system [47] as shown in Eq. 25.  The different parameters in Eq. 25 are 
calculated as shown in Eq. 26. 
   -s    0    0   s 1     0      0
   c     0 0     1    0 0       -s
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At the beginning of the voyage simulation, the latitude, longitude, depth, Euler angles, 
ECEF coordinates, etc. are input in the model.  This is based on the port from where the 
vessel commences its voyage.  Thereafter, the time series of these parameters is generated by 
integrating the motion equations.  The desired voyage trajectory is generated beforehand 
based on the great ellipse navigation system.  Waypoint coordinates are generated at about 1° 
latitude/ longitude interval [48].  It may be noted that a ship has to travel a longer distance for 
covering 1° longitude in Equator area as compared to the Polar area.  Due to wind, surge/ 
sway forces and yaw moment act on the vessel.  Due to wave, surge and sway force act on the 
ship.  Due to this reason, the vessel tends to drift off its desired course.  An autopilot is 
required which will automatically generate suitable rudder angle command to keep the ship in 
its desired trajectory.  The ship is guided through the waypoints by using a course-keeping PD 
autopilot as shown in Eq. 27. The gain settings C1, C2 used for different ship types are shown 
in Table 1.  The gain settings C1 and C2 are calculated by the trial and error method. This 
means the gain coefficients are varied and the ship response to the rudder command is 
checked manually. The gain coefficient where the ship response is satisfactory is selected. 
The desired waypoints are given as input.  The waypoints are given in the sequence in which 
we want the ship to navigate.  The bearing angle between the initial position of the ship (point 
1) and first waypoint (point 2) is calculated using Eq. 28. This bearing angle becomes the 
desired heading angle ( D  ).  As the ship navigates, points 1 and 2 get automatically updated.  
During navigation, the ship may or may not drift from its course.  Desired heading angle ( D ) 
in Eq. 27 is updated at each time instant using Eq. 28 during ship navigation [49].  This 
generates the commanded rudder angle as per autopilot shown in Eq. 28.  Maximum rudder 
angle (± 35°), minimum rudder angle (± 0.01°) and maximum rudder rate (± 2.5 °/sec for 
PCC and VLCC and, ± 9 °/sec for DTMB 5415) limiters are applied after the commanded 
rudder angle is generated.    As soon as the ship reaches within the radius of twice the length 
of a ship of point 2, point 2 is updated with the next waypoint from the input table [50].  At 
each time instant, the geodetic distance between the present position of the ship and point 2 is 
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calculated using Vincenty's formula [49] shown in Eq. 29.  The details of Eq. 29 are given in 
Appendix B. The term “ds” is a function of latitude and longitude.  Equation 29 is solved 
iteratively. The iteration is stopped when the distance is computed within 1 m accuracy. This 
way the numerical simulation and ship’s automatic navigation proceeds.  It is observed that 
for the waypoint navigation simulation, it is necessary to compute the instantaneous latitude/ 
longitude position of the ship. This entails extra computation effort.   
( )1 2 'Control DC C r  = − −  (27) 
tan 2( , )D a y  x =  (28) 
* *( )PL a ads R AA  = −  (29) 
Where, 
1cos *sin
cos 1 2 1 2
y U




=   
1 1tan( ) (1 )* tanU f = − ,  2 2
tan( ) (1 )* tanU f = −
 ,  
( ) /EQ PL EQf R R R= −  
 
The track length travelled by ship at each time step during simulation is computed using 
Eq. 30.   The discrete track lengths obtained by Eq. 30 when added together gives the total 
track length traversed by the ship between the origin and destination points.  This track length 
will be usually longer than the great ellipse trajectory length, between the origin and 
destination point, which is computed by Eq. 29. This is because, during the actual voyage, the 
vessel keeps drifting off its desired trajectory due to wind and wave.  The autopilot tends to 
bring back the ship to the desired trajectory/ course.  The resistance increment is not only due 
to wind/ wave force but also due to rudder/ ship motions.  The time and fuel consumption for 
the entire voyage is known from the simulation output.   It may be noted that this procedure is 
different from optimal ocean routing.  In ocean routing, an optimal trajectory path is 
generated based on a predefined criterion, minimizing time of travel or fuel consumption or 
constant engine torque condition, etc.  Several sets of trajectories are generated and the 
optimal amongst them is selected.  A suitable algorithm and an additional set of simulations 
need to be carried out for this purpose.   
( ) ( )
2 2
ds dx dy= +  (30) 
4. Ship Simulation and Validation 
Engine torque used for the simulations is validated with the actual ship’s data [51]. The 
typical main engine power and RPM of tankers and PCC ships is shown in Fig.  16. This 
figure illustrates, that tankers (of length 320 m approximately) have engine power in the range 
of 24000 ~ 32000 kW at 66 ~ 78 rpm.  Similarly, PCC ship (of length 190 m approximately) 
have engine power in the range of 13000 ~ 16000 kW at 100 ~ 130 rpm. The engine power 
and rpm selected for PCC and VLCC ship in this study is indicated in the figure in blue and 
red colour  circle respectively. 
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Fig. 16  Variation of main engine power with rpm of existing VLCC and PCC ships [51]   
For validation of the maneuvering mathematical model, autopilot, zigzag and turning 
circle simulations at design speed are carried out. The output is shown in Figs.  17 ~ 19 for 
DTMB 5415, PCC and VLCC ships respectively. Importantly, the engine rpm variation could 
be captured. It is observed that the maneuvering motion trajectories are similar to those of 
respective ship types [6,36,52].  It may be noted that model maneuvering tests are usually 
carried out with constant propeller revolution. The Mercator map for different oceanic 
voyages is shown in Fig.  20. The trajectory is discretized into waypoints and the distance 
between the successive waypoints is calculated using Vincenty’s formula [49].  
 
Fig. 17  DTMB 5415 ship manoeuvring.  Top: autopilot navigation, Middle: +10°  Zigzag manoeuvre, Bottom: 
+35°  Turning circle manoeuvres.  
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Fig. 18  PCC ship manoeuvring. Top: autopilot navigation, Middle: +10° Zigzag manoeuvre, Bottom: +35° 
Turning circle manoeuvre. 
 
Fig. 19  VLCC ship manoeuvring. Top: autopilot navigation, Middle: +10° Zigzag manoeuvre, Bottom: +35° 
Turning circle manoeuvre. 
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Fig. 20  The trajectory of some GES voyage on Mercator Chart   
The engine power of VLCC is 26400 kW at 76 rpm, which is within the range of power 
and rpm of the VLCC tankers operating commercially. Similarly, the engine power of PCC is 
13600 kW at 105 rpm, which is within the range of power and rpm of the PCC ships 
operating commercially. The power of a single-engine of DTMB 5415 is 2450 kW at 72 rpm. 
As per the change in resistance, the speed of ship changes and hence it implies a change in 
rpm as shown in Fig. 21. The engine power and RPM variation for the entire Sydney – 
Valparaiso voyage of DTMB 5415, PCC and VLCC ship is shown in Fig.  21.  This figure 
indicates the power and rpm range during the voyage is predicted accurately by our 
simulation model. Due to wind and wave effect, rpm changes continuously. Engine rpm 
changes due to change in wave height and wind speed. It results in a change in ship speed. In 
the southern ocean, North Atlantic Ocean and North Pacific Ocean, wave height and wind 
speed are higher.  Hence, it results in larger reduction in ship speed in this ocean. 
 
Fig. 21  Engine power/ RPM variation for the entire voyage 
Six different voyages are selected for the simulation. The voyages are  (1) Sydney 
(Australia) - Valparaiso (Chile), (2) Yokohama (Japan) - Valparaiso (Chile), (3) Newport 
(USA) - Cape Town (South Africa), (4) Yokohama (Japan) - Los Angeles (USA), (5) 
Charleston (USA) - Le Havre (France), (6) St. John Port (Canada) - Stornoway (UK).  Figures 
22 ~ 27  show the simulation results of the DTMB 5415, PCC, and VLCC ships respectively. 
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The to and fro voyage of above mentioned six routes are shown in contrasting colours for 
easy identification.  Fuel consumption and voyage time in calm water condition are the same 
for to and fro voyages. Hence, the first histogram bar shows the same values. “92-01”, “09-
18” and “92-18” represent results of 1992 - 2001, 2009 - 2018 and 1992 - 2018 respectively. 
The letters ‘S’ and ‘W” represent “summer zone” and “winter zone” respectively.  Figures 22 
~ 24 shows that the fuel consumption of ships depends upon the Loadline zone (Season). The 
results show that both the fuel consumption and travel time is higher in winter zone as 
compared to the summer zone.  This is due to higher wave height/ wave period and wind 
speed in winter as compared to summer zone.  The fuel consumption in summer and winter 
varies in voyage 1, 4, 5 and 6. This is because wave and wind pattern varies with summer and 
winter season in this region.  Fuel consumption in summer and winter in voyage 2 and 3 is 
nearly the same. This is because voyage 2 and 3 are in the tropical zone, where wave and 
wind pattern remains the same throughout the year. The difference in fuel efficiency between 
“summer” and “winter” voyages is more significant in the Southern Ocean, North Atlantic 
and North Pacific Oceans. Voyage number 1, 2, 3, 5 and 6 show the increase in fuel 
consumption in the recent 10 years. Only voyage 4 shows there is a decrease in fuel 
consumption in the recent 10 years. The difference has become more prominent in the recent 
decade as compared to previous years. Significantly, for all the 6 voyages, the fuel 
consumption is different for “to” and “fro” routes.   This highlights the importance of wind 
and wave direction and shows that these must be considered for optimal ship routing. This 
will have a significant impact on the issue of environmental pollution reduction. 
 
Fig. 22  DTMB 5415: Fuel Consumption (in tonnes) 
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Fig. 23  PCC: Fuel Consumption (in tonnes) 
 
Fig. 24  VLCC: Fuel Consumption (in tonnes) 
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Figures 25 ~ 27 show the time of travel (in days) of a ship sailing from one port to 
another. It was shown in Fig.  3, that wave heights vary significantly between summer and 
winter seasons in the Southern Ocean and North Atlantic Ocean region. Therefore, the time 
required to complete the voyages is different in summer and winter seasons. Additionally, 
increased wave height and wind speed have been observed in the recent few years in these 
regions.  Typically, wave heights are more in the Southern Ocean and North Atlantic zone as 
compared to other ocean areas. Wave height and wind speed change marginally in a tropical 
zone as shown in Figs 3 ~ 10.  Hence, tropical zones are suitable for voyages in all seasons. 
St. John’s port to Stornoway (i.e. Voyage 6) is the shortest voyage as per distance.  However, 
the difference in voyage time for summer and winter seasons is significant for this route. 
During this short voyage, a ship has to pass through the North Atlantic zone where the sea is 
usually rough during winter. Voyages 1, 2, 3, 5 and 6 show the increase in voyage duration in 
the recent 10 years. Only voyage 4 (Yokohama- Los Angeles) shows that there is a decrease 
in voyage duration in the recent 10 years. DTMB 5415 takes nearly 2.5 days more for a 
voyage from Sydney to Valparaiso than a voyage from Valparaiso to Sydney. This is mainly 
because of wave and wind direction. During Sydney to Valparaiso voyage, the ship mainly 
encounters head waves.  While during Valparaiso to Sydney voyage, the ship mainly 
encounters the following waves. This implies that wave and wind direction is also important 
while ship routing.  
 
Fig. 25  Variation of voyage time for different navigation routes for DTMB 5415 ship (in days) 
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Fig. 26  Variation of voyage time for different navigation routes for PCC ship (in days) 
 
Fig. 27  Variation of voyage time for different navigation routes for VLCC ship (in days) 
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Figures 28 ~ 30 show the average ship speed during different voyages. The design 
speed for DTMB 5415, PCC and VLCC ship is 18, 20 and 15.7 knots respectively. For calm 
water condition, the average speed of the ship is the same as the design speed of the ship. 
However, for actual wave condition voyages, ship speed will decease than design speed. 
When the average ship speed is less, it implies that voyage time will increase. For Sydney to 
Valparaiso voyage, the average ship speed is nearly 3 knots less than the design speed due to 
more wave height in summer. Similarly, in winter, the average speed for Yokohama to St. 
John’s Port voyage is nearly 4 knots less than the design speed. This shows how the study of 
wave and wind characteristics is necessary for a voyage. The ship speed will change 
drastically in summer and winter due to a change in wave height and wind speed. However, in 
the tropical zone (Voyage 2 and 3), the change in average ship speed during summer and 
winter is very small as compared to other voyages because of mild weather. The difference 
between average ship speed in first 10 years (1992-2001), last 10 years (2009-2018) and 27 
years (1992-2018) is not significant.  This is because the mean of weather data is taken for the 
simulation.  The difference in mean values for first 10 years (1992-2001), last 10 years (2009-




Fig. 28  Average ship speed for DTMB 5415 for different navigation routes (in knots) 
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Fig. 29  Average ship speed for PCC ship for different navigation routes (in knots) 
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Fig. 30  Average ship speed for VLCC ship for different navigation routes (in knots)   
5. Discussion and Conclusions 
Worldwide oceanic wind and wave conditions for the last 27 years were downloaded 
from ECMWF website.  These were then analysed as per the “summer”, “winter” and 
“tropical” region as defined in international Loadline regulation.  Added wave resistance as 
per wave conditions existing in the ocean were considered.  Similarly, wind forces and 
moment as per the wind conditions existing in the ocean were considered.  The comparison 
was done for the initial 10 years, last 10 years and 27 years of averaged data.  To capture the 
effect of wind/ wave direction, simulations were carried out for to and fro voyage between 2 
ports.  Travel time and fuel consumption for 6 different oceanic voyages were calculated.  The 
above analysis was carried out for three different ship types, i.e. VLCC tanker, DTMB 5415 
ship and PCC ship.    The main conclusions of this paper are: 
i. It is observed that the wave and wind angle in oceans is not the same. Wave/ wind 
activity in the Southern Ocean, North Atlantic and North Pacific Ocean region has 
increased in recent years. The Southern Ocean is the roughest ocean on Earth, and 
thereby the most dangerous for a voyage.  Sudden variation of the mean wave height, 
wave period and wind speed can be observed at the boundaries of the load line zones.  
This leads to the question whether the existing load line boundaries need to be 
redrawn. However, the recent changes in the wave/ wind conditions is not so 
significant as to influence propulsive efficiency of ship navigation.   
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ii. It is observed that for all the 6 voyages, the difference between fuel consumption, 
travel time, average ship speed is significant for to and fro direction. Sydney – 
Valparaiso route shows the most significant difference in fuel consumption, average 
ship speed and voyage duration between to and fro direction.  Travelling from 
“Sydney to Valparaiso” requires more time/ fuel than “Valparaiso to Sydney” in both 
summer and winter seasons. This difference is due to the direction of wave and wind. 
The ship mainly encounters head waves during Sydney to Valparaiso voyage, and 
following waves during Valparaiso to Sydney voyage. 
iii. It is observed that voyage time, average ship speed and fuel consumption of the 
voyages also varies as per “summer” and “winter” season. For example, Yokohama to 
Los Angeles voyage shows the maximum difference in fuel consumption and time of 
travel between “summer” and “winter” season. During this voyage, travel time and 
fuel consumption are higher in “winter” as compared to “summer”. During this 
voyage, the average ship speed is higher in “summer” as compared to “winter”. 
iv. Wave height/ period has more impact on ship’s resistance as compared to wind speed. 
The tropical region is suitable for voyage in any season. This is because there is 
marginal change in wind speed and wave height/ period in this region.  
Geographically, great ellipse trajectory is the shortest route. However, fuel 
consumption, average ship speed and travel time depend on wave/ wind conditions 
and their direction during the voyage and the ship type. For some voyages, rough 
weather conditions could become a safety issue.  Optimal ocean routing techniques 
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APPENDIX A: 
Table 2  Loadline zones date wise 
Zone Summer Winter 
1 16 Oct – 15 Apr 16 Apr – 15 Oct 
2, 3 Whole Year 
4 1 July – 31 Oct 
1 Dec – 28/ 29 Feb 
1 Mar – 30 June 
1-30 Nov 
5 1 Dec – 31 Mar 1 Apr – 30 Nov 
6 1 Nov – 31 Mar 1 Apr – 31 Oct 
7 16 Apr – 15 Oct 16 Oct – 15 Apr 
8 1 May – 20 Jan 21 Jan – 30 Apr 
9 1 May – 30 Nov 1 Dec – 30 Apr 
10 1 June – 31 Aug 1 Sept – 31 May 
11 1 Dec – 31 Mar 1 Apr – 30 Nov 
12 16 Apr – 15 Oct 16 Oct – 15 Apr 
13 1 Apr – 31 Oct 1 Nov – 31 March 
14 16 July – 31 Oct 1 Nov – 15 July 
15 16 Feb – 15 Dec 16 Dec – 15 Feb 
16 1 Dec – 30 Apr 1 May – 31 Nov 
APPENDIX B: 
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List of Symbols: 
Ha  Ratio of additional lateral force 
induced on ship hull by rudder action 
to the rudder force 
 SBH Wetted surface area of bare hull 
AR Rudder area ( )S   Wave spectrum 
AT Transverse projected area of the ship T Ship’s draft   
AL Lateral projected area of the ship TP Mean wave period [MWP]  
A1, A2, 
A3 
coefficients of polynomial 
representing propeller open water 
thrust characteristics 
Pt  Thrust deduction factor  
B1, B2, 
B3 
coefficients of polynomial 
representing propeller open water 
torque characteristics 
Uw Resultant wind speed  
BWL Waterline Beam U10 U wind component in Earth 
coordinate at 10 meter height  
CB Block coefficient  u  Surge velocity  
CM Midship Section Area Coefficient U1, U2 Reduced latitude 
C1, C2 Autopilot gain coefficients V10 V wind component in Earth 
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Fujiwara’s wind force coefficients   v  Sway velocity  
DP Propeller diameter XH Hydrodynamic hull force in surge 
direction  
ds  Geodetic distance between two points XP Propeller force in surge direction  
H1/3  Significant wave height  XR Rudder force in surge direction  




Coordinates of centre of mass 
IPP Mass rotary mass moment of inertia of 
propeller 
XAW Added wave  resistance in surge 
direction 
Izz Mass moment of inertia about Z axis XW Wind force in surge direction  
ZZI   
Nondimensional mass moment of 
inertia about Z axis 
4/ (0.5* * * )ZZI L T=  
0Pw  Effective wake fraction coefficient 
Jzz Added mass moment of inertia about 
Z axis  
  Ship drift angle 
ZZJ   
Nondimensional added mass moment 
of inertia about Z axis 
4/ (0.5* * * )ZZJ L T=  
  Wave amplitude 
JPP Added rotary mass moment of inertia 
of propeller 
  Pitch angle  
Jp Propeller advance coefficient   longitude 
KT Propeller thrust coefficient A  Air density 
KQ Propeller torque coefficient R  Relative rotative efficiency 
LOA Overall length of ship   Seawater density 
LPP Length between perpendiculars   Standard deviation of wind speed 
Lu Integral length scale 
a  Angular distance on ellipsoid 
  m Mass  of ship    Roll angle 
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m  Nondimensional mass of ship 
2/ (0.5* * * )m L T=  
  Latitude 
 n Propeller revolutions per second    Heading angle 
PD Engine power waveE
 
Wave angle w.r.t. North 
p  Roll rate 
wave  Wave angle w.r.t. ship 
QE Engine torque D  Desired course heading angle 
QP  Propeller torque A  
Resultant wind angle 
Raw Added wave  resistance w  Wind angle w.r.t North 
REQ Equatorial radius of the Earth wave  Circular frequency of the wave 
RPL Polar radius of the Earth 
m  Modal frequency corresponding to 
the highest peak of the spectrum 
r  Yaw rate 
e  Encounter frequency 
List of Acronyms: 
CDF Cumulative Distribution Function 
CDO Climate Data Operators 
DTMB David Taylor Model Basin 
ECMWF European Centre for Medium-Range Weather Forecasts. ECMWF is an 
independent intergovernmental organisation supported by most of the nations 
of Europe. ECMWF aims to provide accurate medium-range global weather 
forecasts. 
EEDI Energy Efficiency Design Index 
ERS European Remote-Sensing Satellite 
ERA  ECMWF Re-Analysis 
ETA Estimated Time of Arrival 
GES Great ellipse sailing 
IMO International Maritime Organization 
NCEP- FNL National Centers for Environmental Prediction – Final analysis. NCEP is USA 
based agency which provides information on the future state of weather, land 
surface, ocean, sea ice, short-term climate, and ecosystems. 
PCC Pure Car Carrier 
SFOC Specific fuel oil consumption 
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TFC Total Fuel Consumption 
VLCC Very Large Crude Carrier  
 
The time derivative of a variable is denoted by a dot above the variable e.g. n  is the time 
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